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Abstract

We derive an exact single-body decomposition of the time-dependent
Schrodinger equation for N pairwise interacting fermions. Each fermion obeys
a stochastic time-dependent norm-preserving wave equation. As a first test of
the method, we calculate the low energy spectrum of helium. An extension of
the method to bosons is outlined.

PACS numbers: 03.65.—w, 02.50.—r1, 02.70.—c

1. Introduction

Solution of the Schrodinger equation for pairwise interacting identical fermions is a difficult
computational problem with applications in many areas of chemistry and physics. The
development of accurate and computationally efficient schemes for calculating the ground
and excited electronic states of molecules is a longstanding goal of theoretical chemistry
[1]. Electron dynamics plays an important role in molecular electronics [2] and atomic
and molecular dynamics in strong time-varying external fields [1]. The N-body problem
for fermions also arises in shell models in nuclear physics [3]. Exact strategies for N-body
problems generally have computational costs which scale exponentially with the number of
particles. Here we show that exact solutions of the N-fermion time-dependent Schrodinger
equation can be obtained via a multi-configuration Hartree—-Fock Ansatz in which the
single-particle wavefunctions for each configuration obey norm-conserving stochastic wave
equations. Since all properties of the N-fermion problem can be calculated from the exact
time-evolving wavefunction, and since the computational costs appear to scale favourably with
the number of electrons, this method could provide a useful alternative to other computational
strategies such as time-dependent density-functional theory [1] and auxiliary-field quantum
Monte Carlo [3].

The technique of decomposing high-dimensional deterministic equations into lower
dimensional stochastic wave equations was pioneered by Gisin and Percival [4] who were
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able to reduce deterministic master equations for the density matrix into stochastic equations
for a wavefunction. More recently the same approach was used to reduce the N-boson Liouville
equation into one-boson stochastic wave equations [5]. Similar decompositions have been
obtained for fermions [6] and vibrations [7]. Unfortunately, the norms of the single-particle
stochastic wavefunctions grow exponentially for the boson and fermion decompositions
[5, 6]. This is the wave equation analogue of the ‘sign problem’ which plagues path
integral Monte Carlo approaches [3, 8]. The decomposition for vibrations was derived using
a stochastic generalization of the time-dependent McLachlan variational principle [7], and
as a consequence the equations conserve norm. Here we derive a similar norm conserving
decomposition for fermions. We demonstrate the use of the method by computing the low
energy spectrum of helium. Finally, we explain how the same approach can be applied to
bosons.

Before outlining the derivation in section 3, we summarize the method here for readers
who may not be interested in details. In section 4, we explicitly prove that the method is
exact and that the single-body wave equations are norm conserving. Section 5 discusses an
application of the method to helium. In section 6 we explain how the method can be adapted
for identical bosons.

We consider the general N identical particle time-independent Hamiltonian

N N-1 N
Hy =Y H@+Y Y V(i j). (1)
i=1 i=1 j=i+l
where H (i) denotes the single-body Hamiltonian instantiated for particle i. For electrons in
molecules H = —h2V2/2mE — Z,iw:l Zie*/Ir — Ry|, for example, where the sum is over
the nuclei of the molecule. The pairwise interaction V (i, j) between particles i and j is
represented via

P
V(. j) =) ho0s()0s()) @
s=1
as a sum of products of dimensionless one-body (Hermitian or anti-Hermitian) operators O;.
In section 2 we prove that such an expansion is always possible. The coefficients 71w, have
units of energy and may be positive or negative. This expansion is developed for the Coulomb
interaction e?/|r; — r i1 in section 5 (see also the appendix). Extension of the method outlined
here to time-dependent Hamiltonians is straightforward: simply replace H and O, by their
time-dependent analogues in (5).

A general initial N-fermion wavefunction can be written as a weighted sum of
Slater determinants of N single-particle wavefunctions. For our purposes, the single-
particle wavefunctions for a given determinant should be chosen so that they are linearly
independent and normalized but non-orthogonal. Each Slater determinant can then be evolved
independently. For simplicity we now confine our attention to one such initial state

|W(0)) = BA|$1(0))[¢2(0)) - - - [¢n(0)), 3)

where A is the anti-symmetrization operator [9] and f§ is a normalization constant. Here the
position of a ‘ket’ in the product indicates which electron it refers to, i.e., for |¢;)|¢$,) electron 1
is in state |¢;) and electron 2 is in state |¢,) while for |¢,)|¢;) electron 1 is in state |¢,) and
electron 2 is in state |¢;). This convention allows us to express some equations more simply
than would otherwise be possible.

In our method the exact state |\ (7)) evolved from (3) is constructed from the solutions
|¢;(¢)) of time-dependent stochastic wave equations. Specifically, the exact N-fermion



Exact norm-conserving stochastic time-dependent Hartree—Fock 945

wavefunction is expressed in terms of an average M| - -] via

W (1)) = BM[A|p1(1))ha2(1)) - - - | (1))] “4)
where the |¢; (7)) obey It6-type [10] stochastic equations

dig,) = H|¢, ZZwH O:)el$)) —IZZw Dk Oslg;) | dr

k;ﬁj s=1 k#j s=1
+ZJ——1 (05 = (0,)))$;) AW,

S S ol g O )
— ws| ) At
o TTIT2(N — 1) Re{()1¢x)}

j s=
for j =1,..., N. Here we use a notation where (F); = (¢;|F|¢;)/{(¢;|¢;) for any single-
body operator F. For notational simplicity, the explicit time dependence of |¢;) and of the
stochastic random variables dW, has not been indicated. (Note that in the case of electrons
|¢p;) are similar to the spin-orbit single-particle wavefunctions of Hartree—Fock.) The symbols
dW; (1) represent independent normally distributed real stochastic differentials with

MI[dW, ()] = 0 and MIAW, () dW, (1)] = §,, dr. (6)

The second condition imposes statistical independence of the stochastic differentials.
Imagine a sequence of time steps all of equal length dz such that ¢t = m dr for some integer
m. At each time step a set of stochastic differentials is sampled from the normal distribution

PAW({dt)) =[1/2n dn))P? exp{—dW( dr) - dW(l dr)/2 dt},
where dW (I dt) = (dW;(Idt), ..., dW,(l dr)) is the vector of stochastic differentials (p is the

number of components of dW). Note that / runs from 1 to m. The expectation (4) at any time
t can thus be represented in the form

W (1)) = ﬂl_[/d”W(l de) P(AW( d)) A1 (1)) ¢2(0)) - - - [pn (1))
=1

and Monte Carlo sampling of the integrals then yields the stochastic paths generated by
equations (5). Each time sequence of sampled stochastic differentials defines one set of
stochastic variables W, (¢) (i.e., Wiener process). Each realization of the set of stochastic
variables W(¢) as a function of time thus yields one Slater determinant in the average M|[- - -].
Since single-particle norms are conserved, each Slater determinant is equally weighted in the
average, and error in the mean will scale as 1/+/L where L is the number of realizations.

The single-particle wavefunctions on the right-hand side of (5) are independent of the
stochastic differentials dW; (¢) and so averages such as M[F (¢ (¢), ..., N () g(dW;(¢), ...,
dW,(1))] can be calculated via the simplified formula M[F(¢(?), ..., ¢n(t))IM[g(d
Wi(t),...,dW,(t))]. This fact is implicit in proofs of norm conservation and exactness
outlined in section 4.

The fact that all matrix elements (e.g. (¢;|Os|¢;)) in the stochastic equations involve
single-particle operators, and the sum over index k # j for each |¢;), show that the
computational costs will scale at least quadratically with the number of electrons. For
implementations similar to that for He, discussed in section 5, the number of terms in the
two-body expansion in principle scales as the square of the number of electrons (in practice
many hwg; may be small or zero which could improve the scaling of the method), and hence
evaluation of all (¢;|O;|¢;) for each j requires N 4 operations, making the method scale as
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O(N?) overall. The precise scaling is obviously model dependent but computational costs
should be somewhere in the range O (N?) to O(N?). Most alternative exact approaches have
computational costs which scale exponentially with the number of electrons.

The most important properties of the stochastic decompositions (4) and (5) are its exactness
and its norm conservation.

Equations (5) conserve norm in the mean (i.e., M[(¢;(t)|¢;(t))] = 1) which gives
our decomposition distinct numerical advantages over other decompositions in which the
mean norm grows exponentially [6]. In addition, our method conserves norm exactly
for each individual stochastic realization (see section 4). Note that the norm of Al|¢p; (1))
|p2(2)) ... |¢n(2)) is not conserved by our method because the single-particle states are non-
orthogonal. This however presents no problem numerically.

Using the It6 calculus [10] we also show in section 5 that

N
AW () = BM | Y Algi(0)) -+ 1de; (1) - - Ipw (1)

j=1
N—-1 N

Y Algr0)) - 1dp; () -+ [ dgi (D)) -+ - | (1))
j=1 k=j+1

i
= _ﬁHNNJ(t)) dr (7
which implies that the method is exact for all forms of our equations.

Explicit time dependence of the N-fermion wavefunction is of direct interest in many
chemical problems. Energies can be extracted via the Fourier transform of the time auto-
correlation function (W (0)[W (¢)). In practice, one computes the function

1 r iEt
I(E) = 51{6/ (W(O)|W(n)) exp (7) dr =~ (W(0)|6(E — Hn)|W(0)) 8)
0
which will have maxima at the true energies when the end point of integration T is
sufficiently large. The method therefore also provides access to spectral information and
in fact it is straightforward to generalize (8) so that states of specific parity can be extracted.
Eigenfunctions can also be obtained.

2. Single-body decomposition of pairwise interaction

Consider a general two-body interaction V (1, 2). We will now show that it can be expanded
in products of one-body interactions according to equation (2). Let |i) withi = 1,2, ...
denote a complete basis of the one-body space. Then |iy; i,) = |iy)|i2) foriy,in = 1,2, ...
will be a complete basis of the two-body space. Here again we employ the convention that the
position of a ‘ket’ in a product identifies the fermion. It follows then that we may represent

the interaction via
o0 o0 o0 o0

VL,2) =Y D3 v ia) i 2l VAL )i ) Gins Jal, ©)
i=1in=1j=1j=I
where we have inserted closure relations for the two-body space on either side.

Define a bijective application o : N> — N which maps each couple of integers (i, j) in a
unique integer o (i, j). Then we can introduce new composite indices o1 = o (i1, j;) for body
1 and 0y, = o (iz, j») for body 2 with o} and o, taking integer values 1, 2, . ... We may then
define matrix elements

Vo0, = (i1: 12| V(L. 2) |15 j2)
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which are symmetric under the interchange of oy and o,. This symmetry reflects the
indistinguishability of the particles. Diagonalizing V then gives

Voron Zhws Q0,5 Qo5 (10)

s=1

where hiwy are the eigenvalues and Q,, ; are the dimensionless matrix elements of the orthogonal
transformation. With a slight change of notation and using the inverse of the mapping
o1 = o (i1, j1) we may then write

Qo,.s = (11105 j1) (1D
which defines the one-body operator Oy. Since V (1, 2) is Hermitian it follows that each O
must be either Hermitian or anti-Hermitian. The eigenvalues 71w, may be positive or negative.

Substituting (11) into (10), and (10) into (9) gives

oo 0 0 0

V(1,2 =) 33" isia) Zhws (11 Os1j1) (02 Os1 ) Girs o

i1=li=1j=1 jp=1
00 00 00 00 00

=Y hoy Yy > DY i i) i 2] 0,(1D) O ji; o) Girs Jal-
s=1

ir=li=1ji=1 =1
Finally removing the closure relations gives

[e.¢]
V(1,2) =) hw,0,(1)0s(2)
s=1
which is the desired expansion.
In practice, a finite basis set is more practical than a complete one but the same
considerations apply except that the sum will terminate at some finite value p.

3. Derivation of stochastic wave equations

We originally derived the stochastic decomposition discussed above using the stochastic
McLachlan variational principle developed in [7]. Here we present a more direct argument.
For simplicity we initially focus on just two fermions with the simplest possible interaction.
Consider then the restricted two-fermion Hamiltonian

Ho=H()+HQR)+hwO(1)0(2) (12)
and a normalized initial wavefunction of the form

W (0)) = B(|¢1(0))[#2(0)) — [¢2(0))|1(0))),
where g =1 /\/ 2(1 — |{¢1(0)|¢2(0))]?) is a normalization factor, and |¢; (0)) and |¢,(0)) are
normalized but non-orthogonal states, i.e.,

(91(0)[¢1(0)) = ($2(0)[¢2(0)) =1 and (#1(0)[92(0)) # 0

Note the antisymmetric form of the initial wavefunction.
We wish to find stochastic equations for |¢;(¢)) and |¢,(¢)) such that the exact solution
|W (1)) of the Schrodinger equation

i
djW(n) = —r—lel‘I’(t»dt
can be written as the expectation value

V(1)) = BM[|®(1))] 13)
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of the antisymmetric stochastic vector

|P(0)) = [91(1))|h2(1)) — ¢2(1))|1(1)). (14)

We will also require that the stochastic wave equations conserve norm

{P1(D)]P1(1)) = (P2(D) |2 (1)) = 1.

To achieve norm conservation the single fermion wavefunctions must satisfy the condition

d((¢il¢i)) = (dgilgi) + (¢ildep;) + (dg;[dep;) = 0 (15)
fori = 1,2. Since d|¢;(¢)) will have a term proportional to a change dW (¢) in a stochastic
process W(¢) with M [dW(£)?] = df and M[dW(¢)] = O , there will naturally be terms
proportional to dW (¢)? (which is of order dt) in condition (15). Hence it may prove useful to
have a term proportional to dW (¢)? in d|¢; (¢)) in order to conserve norm. Our wave equations
should therefore be of the form

digp) = lvi) dt + |u;) AW + [w;) dW?, (16)

where all quantities depend on the time ¢. With this form of the stochastic differential d|¢;),
condition (15) can be written as

2Ref(¢;|vi)} dr + 2Re{(@ilu;)} AW + QRe{(¢iw;)} + (uilu;)) dW? =0 (17)

and the coefficients of df, dW and dW? must independently vanish.

In order to reproduce the interaction term of Hamiltonian (12), we must have a term in
|u;) which is proportional to O|¢;). To make the coefficient of dW vanish in equation (17) it
would thus be sufficient to choose

lui) = v—iw(0 — (0))|i) (18)

eliminating one of the unknowns in equation (16). Here (O); = (¢;|O|¢;)/{¢:|¢;) where we
keep the factor of (¢;|¢;) explicit even though it is unity.
To make the coefficient of dW? vanish in equation (17) we can choose
(#1lp1)[(0T0)1 — [{0)1 ]

o = e e a2

) — _|w|<¢z|¢z>[<0T0>z - |<0>2|2]|¢ >
2 2Re {(¢1[¢)) !

since the |w;) terms were included precisely for this purpose. Clearly ¢; and ¢, must be
non-orthogonal initially and a declining overlap will cause an increase of (19) for each mode
thereby restoring the overlap.

Finally, we need to find |v;). Clearly, there should be a term like —(i/%1) H |¢;) to reproduce
the single-particle terms of Hamiltonian (12). There could also be a term like O|¢;). So assume
that |v;) will take the form

lvi) = =/ H|¢i) + aildi) + b Oli), (20)

where a; and b; are unknowns. To make the coefficient of ds vanish in equation (17) it
is necessary that Re{a;} + Re{b;}{(¢:|O|¢;) = 0. Hence we can probably set the real parts
of a; and b; to zero. To determine their imaginary parts we consider the expectation of the
differential of the vector (14) which, because of condition (13), must be equal to the differential
of the vector |W(¢)), so that one has

d|W(r)) = BM[|d1(1))[h2(2)) + |1 (2))|dep2(2)) + [d1 (7)) |dep2 (1))
—|dg2 (1)) [h1 (1)) — [#2(1))|d1 (1)) — [ dep2(1))[dep1 (1))]. 21

19)
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Replacing the differential terms d|¢;) on the right-hand side of the previous equation with
expression (16) and making use of the results (18) and (19) as well as of ansatz (20), after
some algebra one obtains
AW (1) = BM[—(i/m)(H (1) + H(2))|® (1)) df — i00 (1) 0 (2)|® (1)) dW?

+(ay +a) | P(1)) df —iw(0)1{0)2|® (1)) dW? + /=iw(0(1) + O(2)

—(0)1 = (0))| (1) AW + (by df +iw(0), AW?)| 0 (1))$2(1))

+(bydt +iw(0) dW?)[$1(1))| O (1))

— (b1 d1 +i0(0)2 dW)|$2(1))| 01 (1))

— (bydt +i0(0)1 AW |02 (1)) |1 (1))]. (22)
Using condition (13) and the facts that M[dW] = 0 and M [dW?] = d¢, and assigning
iw . .

a =a; = ?(0)1(0)2, by = —iw(0), and by = —iw(0)y,

we then find that equation (22) reduces to d|W (t)) = —(i/h)H,|\W(¢)) dt which is the exact
Schrodinger equation in differential form. Hence we have found exact stochastic wave
equations of the form

dign) = (=3 HIgr) = i0(0)2061) + (011 (0)21én)) dr

0T0); — [{0)]?
+/—iw(0 — 1)|¢1>dW—| |<¢1'¢‘>2[;e{<¢>1‘|¢2>'}< Wy aw?

dig) = (=7 HI¢2) = i0(0)10162) + (011 (0)21ea)) dr
)

— {O),?
+3/TT6(0 — (0)Iga) W — o |<"’2'¢22;e{<¢>12|¢2>'}< 215 aw? 3

which conserve norm by construction. Since terms of order dW? and higher are of no
importance and since the average of dW? is dt, it is possible to make this replacement in
equations (23) with no loss of accuracy or generality [10] giving

i . iw
dign) = (=7 HIgr) = i0(0)2061) + (011 (0)21én)) dr

_ 2
+V/ZI0(0 — (0))Ir) AW — o |<"’"¢‘)2;e{<¢>1‘|¢2>'}< ATV

dig) = (=3 H1¢2) = i0(0)1 012} + (011 (0)21a)) dr
)

(@212) [(010)2 — 1(0)2)?]
2Re{(¢1¢2)}

Generalization of (24) to the full pairwise interaction gives a special case of (4) and (5).
We thus proceed directly in the next section to consideration of the N-fermion problem with
full pairwise interaction.

+V/=iw(0 = (0)2)|¢2) AW — ||

|p1)de. (24)

4. Exactness and conservation of one-body norm

Consider conservation of norm first. To be norm conserving equation (5) must satisfy the
constraint

d((¢;(D1¢;(1)) = (dg;(1)|p; (1)) + (¢ (1) dg; (1)) + (dg; (1)|dg; (1)) =
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for j = 1,..., N or equivalently that

dM[(¢;(®)|¢; ()] =0 and dM[(p;(1)|p;(1))*] = 0.
Substituting (5) in dM[{¢;(¢)|¢;(1))] gives

[Dws [(®;1¢;)({0]05); — (O >~|2>(dwf—dr>}
s=1

which vanishes. Similarly,
dM[(g;(D)1¢; (1))*]1 = M[2{¢; (1)|p; (1)) d((¢; (1) I; (1))
+20(p; ()] dg; (D) + (¢ (1) dp; (1)) + (dep; (1) (1))*]

which then gives

p
M [22 s l(816)*((0105), = 1(05); ) (AW — dr) + 0<dr2)}
s=1

which vanishes as dr — 0. Hence norm is exactly conserved for individual stochastic
realizations as well as in the mean.

Now consider the issue of exactness of the decomposition. Substituting (5) into
equation (7) we see that the term of (5) proportional to |w;| makes no contribution because the
Slater determinants have two identical single-particle orbitals and hence vanish. The term of
(5) proportional to dW; makes no contribution to the first term of (7) because M[dW;] = 0.
The first three terms of (5) contribute

i vl N-1 N p
—2 D Alb) - [H) o) iy D Y on(0:) {0 cAld) - dw)
j=1 j=1 k=j+l s=1
N-1 N p
—iY 3 Y w(00),A161) - 10:) - )
j=1 k=j+1 s=1
N-1 N p
S X D e00Algn) - 10:67) - 1w | d 25)

to the first term of (7). The non-vanishing contributions of the second term in equation (7) are

N—-1 N P
=Y 3 Y w0 Alpy) .. 10s) 10 - 1)

j=1 k=j+1 s=1

N 14
—iY Y Y @000 Aldr) - - )
V4
Y o0 Algr) -+ 10} -+ )

Zws Ik Alpr1) -+ |Osp)) -+~ [pn) | dr. (26)
j=1 k=j+1 s=1

The first terms of (25) and (26) combine to give —(i/)Hy |V (¢)) dt. The second terms of

(25) and (26) cancel as do the third and fourth terms of the respective equations. These

considerations thus show that d|\W(z)) = —(i/A)Hy|¥(?)) dr and hence that the method is

exact.
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5. Application to He

Here we apply equations (4) and (5) to the problem of calculating the low energy spectrum of
helium as a first test of the method. Clearly we need a basis to represent the single electron
wavefunctions. We also need a decomposition of form (2) for the Coulomb interaction.

We choose to represent the single-particle wavefunctions in a finite basis of states
In,l,m,t) = |V¥,,m) ® |T) where v, , are the exact orbital eigenfunctions of the He* ion
and |t) = |£) for T = £ are the spin-1/2 eigenstates. Heren = 1,2,...,/=0,...,n — 1,
and m = —[,...,0,...[ are the allowed values of the quantum numbers. That is, the
orbital parts of these basis functions are exact eigenfunctions of the single-body Hamiltonian
—12V?/2m, — 2¢*/r with eigenvalues E, = —2/n” in atomic units (i.e. 7 = 1,m, = 1, and
e = 1). The functional forms in the coordinate representation are

(rh[/n,l,m> = Rn,l(r)Yl,m(ev d))’ (27)

where Y ,, (0, ¢) are the usual spherical harmonics (i.e., eigenstates of angular momentum)
and the radial functions R, ;(r) are

4 (n -1 -1 “2r/n 4r 241 4r
fl VN - L - £
1(r) = D) e " -1\

where L¢ (x) are associated Laguerre polynomials defined as

1 UV« L, n+a) xk
Lff(x)=aexx dx"(e X" )=Z(— )k( k) R

k=0

Note that this definition of the associated Laguerre polynomials while consistent with standard
mathematical usage [11] differs from those used in some standard physics texts [12].3
In this basis the coefficients of the single-particle wavefunctions are defined via

) @) = (n,1m, Tl (1)) ¢ (0) = (n, 1, m, Tlga (1))

and the components of the full wavefunction W(¢) in this basis will be defined as
1 2 1 2
Cn,l,m,r;n’,l’,m’,r’(t) = ﬂM[C,S,]),m,r(t)cfl’,)l’,m’,r’(t) - Cf(1’,)l’,m’,r’(t)ci(ﬁ;,m,r([)]

which obviously incorporate the correct antisymmetry.
The basis (27) is also used to expand the two-body interaction e’ /Ir1 — 3| in accord with
(2). Specifically, we calculated the matrix elements

(i )V (L Dlizs j2) = gty my DV tymy Q) ———= [V 0y (D Yy 15,m1, (2))

vy — 1y
for which we provide formulae in the appendix. Here i1(n, [y, my), ji(no, L, ma), ir(n},
I, m’l) and j(n}, 15, m}) are (.:omposite. integer indices ranging from .1 to ipﬁnity (or the
maximum number of elements in the basis set). The procedure outlined in section 2 was then
performed numerically to obtain the expansion of the two-body interaction. If due to truncation
of the basis set 1 < iy, ji,i2, j» < K, then the number of terms in the decomposition (2)
is p = K?2. In practice, it is convenient to consider some 7, from which it follows that
K = nmax(nmax + 1)(2nmax + 1)/6

3 For example, the definition L% (x) = (—1)* = ”;), e'x

:,:L (e*x™) is employed in [12].
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Figure 1. Re (W (0)|W (7)) versus .

The stochastic equations for the coefficients thus take the form

p .
dely) .o (1) = (Z(Osh[;m Yooy dt — /iy W, (t)}+—dz> R0

s=1

’

(Z[l )20y df — /=iy dWs(t)]> D n lom|Ogn' U om Yl ()

n',l',m

i ¢1|¢1 ( ) - |<0s)1|2] )
d
(Zl 2Re((61142)] ') entme 0

s=1

» :
e, (1) = <Z(0s>2 |:;< Viws dt — /—iw; AW (f)} ) Cotme ()

s=1

P
(Z[l Doy di — J—iwxdws(r)]>Z<n,z,m|os|n2lz e (1)
=1

nl,m'

i (#21¢2)[ (04 O5)2 — [{04)2%] @) o 8)
2Re{(¢1]¢h2)} e

where we calculate expectations via formulae such as

<¢]|05|¢l ZZ Z Cr(zl?tn ‘[(t) n, l mlO |I’l l/ /> nl)l’m r(t)

’

T nlmn'l'.m

An initial state consisting of random mixtures of 1s and 2s He* basis functions for
each electron was chosen. We chose a basis set with ny,,x = 4 to perform the calculations.
Equations (28) were solved using an order 4.5 variable time-step (i.e., adaptive) Runge—Kutta
method which has been specifically developed to solve such stochastic differential equations
[14, 15].

A detailed discussion of the computational method will be presented elsewhere [15]. In
figures 1 and 2 we plot the real and imaginary (respectively) parts of (¥ (0)|y (z)) against
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time in atomic units for an exact propagation of the initial state (solid curve) and for the
solution obtained via equations (28) for 200 000 realizations (dashed curve). The agreement
is satisfactory although the calculation has not completely converged. In figure 3, we show
the energy spectrum calculated via equation (8) for the exact and stochastic wave solutions.
Again agreement is good with the stochastic calculation reproducing all energy levels.

6. Extension to bosons

Stochastic decompositions for pairwise interactions are also of interest for bosons in the

context of Bose—FEinstein condensation [5]. Here we show that our approach can be adapted
to bosons as well as fermions.
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To begin with consider the case of two pairwise interacting bosons. Again we break
the general initial wavefunction into a sum of symmetric states of the form |W(0)) =
B(p1(0))[¢2(0)) +]92(0))|¢1(0))). We need an exact means of propagating the single-particle
states individually such that

W (1)) = BM[|$1(0))p2(1)) + |h2(1)) 1 (D))], (29)

where |¢ (7)) and |¢,(¢)) satisfy norm-preserving stochastic wave equations. To do this we
add a fictitious subsystem of two spin-1/2 degrees of freedom with null Hamiltonian and anti-
symmetric state (1/ V2)([4)]=) = |=)|+)) to our problem. We thus have a total wavefunction

[Wiet (1)) = (B/V2)MII$1 (1)) $2(1)) + 2(1)) 11 (D) ® (|+)| =) — [=)[+))
= (B/NDM(1p1: (1)) b2 (1)) — |2 (1)) 14(1)))
— (11— () |$2:. (1)) — |2+ (1)) 1 (1)))], (30)

where |¢;+ (1)) = |¢;)|E) for i = 1,2. This wavefunction is a sum of two antisymmetric
states. It is thus clear that solutions of (30) can be obtained by determining the time evolution
of two-particle antisymmetric states

P16, (1)) |20, (1)) = 20, (1)) |15, (1)) €1y

for 01, 0o = &, which can be obtained with the method for fermions outlined above. Hence
we can obtain (30) at the cost of including an extra 2-component spin to each single-particle
state. From (30) we can get (29) by projecting the fictitious part of the solution via

(W) = 5 ((+H{=] = (=1{+D[Wraa (1))
Hence the 2-boson problem can be solved using the 2-fermion formalism at the expense of

doubling the number of equations.
For an arbitrary number of bosons N we wish to find a stochastic decomposition

[W(0)) = BM [S|¢1(1))92(0)) - .. PN (1))]
for dynamics generated by Hamiltonian (1) where S is the symmetrization operator. Let
la) = aAglor) ... |on),
where |o;) denotes one of a set of N spin states, and A, is the anti-symmetrization operator

on this space. Here « is a normalization constant. If the spins again have a null Hamiltonian
then we may define a fictitious dynamics

Wit (1)) = |W(1))a) = afpM[SAaldis,) -+ - [dNoy )],

where each of the N! terms A,|¢14,) - - - |@no,) In the Symmetrization sum is antisymmetric.
Here |¢j5,) = |¢;)lo;) and so by adding an extra fictitious spin with N allowed states we
can convert the problem into fermion form. Application of the fermion method is then
straightforward and the boson wavefunction can be extracted in the end by projecting out the
fictitious spin state via |V (1)) = (a| Wy (7)). Because of the need to introduce a fictitious spin,
the computational costs of the boson method scale between O (N 3y and O(N®) depending on
the nature of the interaction.

7. Summary

We have shown that the time-dependent quantum N-body problem for pairwise interacting
fermions can be exactly decomposed into N one-body problems each of which obeys
a stochastic norm-conserving wave equation. Our approach improves on previous
decompositions [6] because the single-particle equations conserve norm and thus are much
more stable numerically. Use of the method was demonstrated by calculating the low energy
spectrum of helium. We have also explained how the approach can be extended to bosons.
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Appendix

Consider the single-particle Hamiltonian H = —/#>V?/2m, — Ze*/r which has hydrogen-like
eigenfunctions of form (27) with

I
pstrr = 2 [0 (220 Ly (220
' n? (n+10)! n n

in atomic units with associated energies E, = —Z?/2n?. It can then be shown that

e? Z QI+ DL +1)
(I/fnl I ml(l)wnz b, m2(2)| | | |1/fn l m, (1)1//,12 l2 m2(2)> 16 m

\/(nl — 1 = DI, =1 — D)y — b — D)y — I, — 1)!
X

(ny +ll)'(n’] +l;)'(7’l2 +12)'(n/2 +l§)'

ii(_l)ml; A P A B A I VA B P B VA A
par my m m||m), —m my||[0 O O0][O0O O O

n—l—1ny =l =1 ny——1ny=l5—1

x Z Z Z Z ( 1)k1+k 1 Hho+k),
k=l

k=0 ky= kh=0

X(ll+l{+12+l§+k1+k’,+k2+k§+4)! ny+1
ik Vo VK5 ny =0 —1—k

y n| +1 ny+1h ny+10
n, =l —1—k)\m—b—1-k)\ny—1,—1-k&
(2/}’1 )k1+11+2(2/n )k + +2(2/n )k7+12+2(2/n )k2+lz+2

(1/n1 + l/n + 1/712 + 1/ ) L+ +D 4k o+, +5

1
F1L L+l +bL+0+ki+kj+ky+ky+5;
X[l+ll+li+k1+ki+3 < trhrhThaTi T TR
1/ny +1/n] )

I/ni+1/ny+1/ny + /1)

I+0L +1 +k +ky +4

1
+ FIL L+ +h+b+k+ki+k+k+5;
I+ +15+ky+ k) +3 < PramRmh TR TR TR
1/ny+1/n’
[+l + 1)+ + k) +4; [matlim |
I/ni+1/n+1/ny+1/n;

where F(a, b; c; d) is the hypergeometric function [11]. Here

|:J'1 2 J

m m m}=(11,jz,m1,mzlj,m>
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denote the Clebsch—Gordon coefficients. We have used the convention of [13] in which

o0
U - N . ="
[ml o m}—sm,mﬁmz\/(zﬁl)AB;n!cn (A.1)
with
o Ut = DG+ = )G+ = )

(+ji+jp+D!
B = (ji +m)!(j1 —m)!(jo +m2)!(jo —m)!(j +m)!(j — m)!
Co=Ur+jp—j—m(Gi—mi —m)!(o+my —m)!(j — jo+mi+n)!(j — j1 —ma+n)!,

where it is understood that the sum in (A.1) truncates when factorials have negative arguments.
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